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A one-dimensional, two-phase fluid flow theory is formulated for the electrolyte-gas mixture 
behaviour in the interelectrode gap during electrochemical machining. The condition for generating 
the choked two-phase flow is described by an analytical formula. The initiation of choked two-phase 
flow in a flat, axially symmetric cavity is discussed, 
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total area (cross-section ofinterelec- p(s) 
trode gap (m 2) 
cross-section of interelectrode gap P0, Pe 
filled with gas and electrolyte, res- 
pectively (In 2) P(s) 
specific heat of electrolyte 
(Jkg -1K i) Rg 
diameter of inlet tube for flat radial ReM 
cathode (tool (m) s 
densities of gas, electrolyte and T(s) 
anode metal, respectively (kg m -3) 
density ratio (see Equation 28) To, Te 
outer diameter of flat tool (m) 
voltage drop in interelectrode gap Vg, vf 
(v) 
potentials of anode and cathode (V) Va 
Euler number (see Equation 29) V~ 
multiplier ofdp/ds (see Equation 27) 12g, 12ff 
tool feed rate (m s- ~) 
Faraday constant, 96487 (A s tool ~) Yg, Yr 
thickness of interelectrode gap (m) 
inlet and outlet (exit) values of g(s) 
(m) eM 
enthalpi-es of anode metal and elec- 
trolyte, respectively (J kg- ~ ) 
length of gap (m) c~(s) 
mass flux rate for anode dissolution e0, ee 
(kgm -2 s -1) 
molar mass of hydrogen or inert gas ?R 
present in electrolyte (kg mol- ~) 

current density (Acm -2) 
total current (A) 
static pressure in interelectrode gap 
(Pa) 
static pressures at inlet and outlet of 
the gap, respectively (Pa) 
perimeter of the tool at distance s 
(m) 
gas constant, 8.31471 Jmo1-1 K -1 
Reynolds number (see Equation 23) 
coordinate along gap (m) 
electrolyte temperature in interelec- 
trode gap (K) 
temperatures at inlet and outlet parts 
of gap (K) 
linear velocities of gas and electro- 
lyte, respectively (m s 1) 
velocity of anode dissolution (m s 1) 
velocity of tool (cathode) (m s- ~) 
volume flow rates of gas and electro- 
lyte, respectively (m 3 s- ~ ) 
part of the interelectrode gap filled 
with gas or electrolyte, respectively 
(m) 
limiting volume fraction of gas in 
electrolyte, calculated as right-hand 
side of Equation 30c 
volume fraction of gas in electrolyte 
volume fractions of gas at inlet and 
outlet, respectively 
temperature coefficient of specific 
resistivity, see Equation 12 (K -~) 
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/;a ~ /3c 

0 
~2f 

electrochemical equivalents for dis- ~M 
solution of anode material and for 
gas evolution on cathode (kg C 1) Qf,0 
angle (see Fig. 1) 
kinematic viscosity of electrolyte a 
(m2s I) 

specific resistivity of gas-electrolyte 
mixture (f~m) 
specific resistivity of electrolyte at 
inlet (f~m) 
slip ratio (for bubbles in the elec- 
trolyte) 

1. Introduction 

The electrochemical machining of metals involves the anodic dissolution of metals at current 
densities 5-350 A c m - :  using a cathode of given surface geometry. The interelectrode gap is usually 
very small (0.05-1.3mm) and the linear velocity of the electrolyte in the interelectrode gap is 
3-20 m s- l. Due to gas evolution on the cathode and heat generation in the electrolyte the conditions 
along the flow path are changing and thus lead to a non-uniform current density distribution over 
the anode surface [1-3]. A more uniform current density distribution can be obtained by using a 
mixture of air and electrolyte (--~ 1 : 1) (at inlet pressure up to 1.6 MPa) and a flow restrictor dam 
at the exit [4]. Nevertheless, this increases the possibility of choking in the interelectrode gap. 
Choking was discussed for shallow axially symmetric cavities by Thorpe and Zerkle [5]. An 
evaluation of the true conditions for choking is the subject of this study. 

2. Theory 

The choking condition for the two-phase flow is fulfilled if the static pressure in the interelectrode 
gap increases to infinity. Instability occurs in the flow regime and these instabilities are well 
developed in the case of axially symmetric cavities (gaps). This is why we introduce here a system 
with axial symmetry, but the results are also valid for flat ducts and other systems where the 
approximation of plug flow is reasonable. The system with axial symmetry is shown in Fig. 1. 

The flow in the interelectrode gap is assumed to be one-dimensional, with only one independent 
space variable, s, along the gap (s = 0 for r = d/2). The flow of electrolyte (mixed with inert gas) 
is radially outward in a thin gap, g(s). The length of the gap L >> g(s). The tool (cathode) moves 
down at the feed rate, fr. The normal velocity of the cathode, V~, depends on position s. 

v~ = fr COS O(S) (1) 

At the anode the current flux dissolves the anode material and the anode surface moves down at 
velocity Va. The dissolved materials enters the electrolyte and flows out as sludge. Since the content 
of sludge in the electrolyte is small, the properties of the electrolyte are assumed to be independent 
of sludge content. 

It is assumed that the gap can be formally lumped to equivalent heights: yf (filled with electrolyte) 
and yg (filled with gas). 

Then 

g(s) = yg(s) + y~(s) 

and the void fraction, 7, is defined as 

(2) 

= yg(s) (3a) 
g(s)  

1 -- ~X -- yf(s) 
g(s) (3b) 
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Fig. 1. Schematic representation of ECM system with axial 
symmetry. ~,o, Volumetric flow rate of inert gas at inlet ; f .  
feed rate of cathode; r, radius (see Nomenclature for other 
symbols). 

The value of  Vg is assumed to be equal to vf. Then a is equal to one, i.e. 

a - v g -  1 
vf 

The void fraction can be expressed from Ag and Af, 

Ag = 27rr(s)yg(S) 

Af = 2~r(s) YdS) 

giving 

or by 12g and G, giving 

Ag 

Ag + A r 

~ - ~g+V~ 

The time dependence of the gap thickness is given by V~ and Va, 

0g 
& Va V~ 

and V~ is given by Equation 8 and V~ by Equation 1 

m a 
V a = - -  

a~ 

where ma can be expressed using eA 

(4) 

(5a) 

(5b) 

(6a) 

(6b) 

(7) 

(8) 

r G = Gi (9a) 
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Obviously, for the gas mass flux it holds that 

mg = 

Combining Equations 1, 7, 8 and 9 we obtain 

~g eai 

dt d,~ 

and for the steady state (Og/Ov = O) we have 

e~i (9b) 

f~ cos 0 (lOa) 

r /  
i = -mf~ cos 0 (10b) 

8A 

The current density may be calculated for each current line from the relation 

U = ig(s)ffM(S) + EA(i) -- Ec(i) (11) 

Where the first term on the right hand side represents the voltage drop in the interelectrode gap g(s). 
The specific resistivity of the mixture of bubbles and electrolyte is given by the Bruggeman equation: 

(1::) eM(s) : ef0[1 + - r0)]  1 + 

where 7R = (Sin ~r/OT). 
Following Thorpe and Zerkle [5] it is assumed that the dependence of the electrode potentials on 

the local current density can be neglected. Further, it is assumed that the voltage drop in the 
electrolyte has a constant value, E, independent of the time and space coordinate, s: 

E = U -  EA + Ec = constant (13) 

The equation of continuity for the gas phase is 

O(agAg) O(dg 
= P(s) mg - -  " - -  (14a) 

& 8s 

where P(s) is the tool perimeter (=  2for(s)) at the distance s. 
For the steady state ( ~ ( d g A g ) / ~ ' c  = 0) and using Equation 9b, 

d(dg ~ )  _ 2rcr(s)~.r 
ds 

(14b) 

For the calculation of dg the equation of state for an ideal gas can be used, giving 

(15)  

From Equations 14b and 15, 

d Vg _ Rg T 
ds Mgxp - - 2 ~ r ( s ) e c i - -  ( ~ ) ( ~ s )  + ( ~ ) ( ~ )  (16) 

The equation of continuity for the fluid flow is 

- - -  + [2for(s)] (ma - mg) (17a) 
8r Os 

and for the steady state (8(dr ~) /& = 0), using the assumption that dr r f(T, s) and Equations 9a 
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and 9b, it follows that 

d ~. [2nr(s) i(s)] (Ca -- ec) 
- -  ( 1 7 b )  

ds df 

The transport of energy is due mainly to the electrolyte flow; the transport of energy by gas is 
assumed negligible compared to that by electrolyte. The transfer of heat from the electrolyte to the 
metal is also neglected. This implies an adiabatic process with Joule heat generated in th eelectrolyte 
according to 

(~-~) (dfAfuO = - ( 6 (df~hO + 2~r(s) i(s)E (18) 

where uf and hr are the internal energy and the specific enthalpy of the electrolyte, respectively. 
For the steady state ~(df Ar ur)/dr = 0, additional assumptions are introduced, i.e. for hf, 

dhf (drf  (19) 
ds - cp \ ds J 

and df and ~ are constant. Using all these simplifications we obtain 

dTf 2gr(s)i(s)E 
- ( 2 0 )  

ds dfcp Vf 

The equation of motion is based on a momentum balance. The balance applies to both phases 
and plug flow is also assumed for both phases. 

(dgAgvg -~- dfAfvf) -- 6q (dgAgv2g + 4Arv~) - A ~s - (% + vc)2~r(s) (21) 

where c a and *c are the shear stresses acting on the anode and the cathode surfaces. The term with 
the shear stresses may be approximated by the equation valid for parallel plates, 

where Dekv ~ 2g(s), and Re M < 2300, K = 96, n = 1 in the laminar region and Re M > 2300, 
K = 0.316, n = 0.25 for the turbulent region. 

( ~ ) ( D e , v ) (  1 _ ~,2.s (23, ReM = 
2 A /  \ v r /  

The correction term (1 - ~)2.5 in Equation 23 was introduced by Brinkman [6] and Roscoe [7] for 
suspension formed by solid spheres. It is known that gas bubbles behave like solid spheres in the 
presence of surface active agents in the electrolyte. 

Further, the following term may be rearranged 

dgAgv2g -k- dfAfv 2 = [dgJ)g 2 + ( d g  -~- df)VfVg -k- df~2]/A (24) 

For the steady state, O(dgAgvg -~- d f A f v f ) / ~ T  = O, we obtain from Equation 21, 
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or using Equations 14 to 17 we have 

dp {~_~2 {2 ~ ~d(dg 12g)] . 
ds - L a s ]  _ ~2 [ ( ~ ) d g  (-~s) _ ( 1 )  d ~ (~sT)] + .  Vr L._.___d~s J |  |[-d(dg/2g)] 

+ d g ~ \ d s )  + drlhg \--~-s) + -~g E ~ ]  ~ [(pl-)dg(~-~Ps) - ( l )  d g ( ~ ) i ]  

"-[- df2~f(dgfx~~ l (dg(s)] dgVfVg dfgf 2 df Vff Vg)} \ ds J J  - )-x [2~g(s) + 2zcr(s)] \ d s J  (dg ~2 + + + 

- (ZA + rc)2rtr(s)/A (26) 

After elimination of pressure derivatives, the right hand side of Equation 19c contains only known 
derivatives. 

Eliminating all derivatives of pressure, we obtain a multiplier of dp/ds denoted as f 

f = 1 -  dg~2(~-j-~)-dr~12g()--~)  (27) 

Usuallyf > 0, but i f f  ~< 0 (in some cases), then the pressure loss should increase to infinity; this 
represents the condition of choking for the ECM process. The choking condition expressed by 
Equation 27 may be transformed to a more convenient form by introducing density ratio, dR, and 
Euler number, Eu: 

dR = --dr (28) 
4 

P (29) 
Eu - dr(~/a)2 

Vg ~ dR + EudR + (30a) __r _ _  _ _  

Vr 2 �9 

If G / ~  in a given system is lower than the right hand side of Equation 30a, then the choking 
condition is not fulfilled and ECM proceeds without operating problems. 

Another possibility for expressing Equation 30a is 

dr~ ~< - 5 + &-R + (30b) 

or 

3. Discussion 

3.1. Choking condition 

In some industrial processes the inlet electrolyte is mixed with air or carbon dioxide. The inlet void 
fraction is cee(0.2; 0.7) and the inlet pressure p~ (0.5; 2.0) MPa, T ~ 300K, df ~ t000kgm -3. 
The value of M~,c for air is 28.8 x 10 -3 kgmol ~ and for CO2 is 44 x 10 _3 kgmol -~. 

Let us denote the right hand side of Equation 30c as aM. Fig. 2 shows ~M versus p with ~/A, 
the superficial electrolyte velocity, as parameter. Let us discuss the process of ECM starting with 
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Fig. 2. Void fraction of gas versus static pressure for different superficial velocities of electrolyte according to Equation 30c; 
df = 103 kg m - 3  Mo = 28.8 x 10 3 kgmol-L (air). Solid lines give values of q/A; (1) 1 ms-L; (2) 2 m s-l;  (3) 3 m s-I; (4) 
5ms- t ;  (5) 10ms-e; (6) 20ms ~; (7) 50ms-~; (8) 100ms - l .  Dashed lines give expansion of the air-electrolyte mixture, 
where ~0 = 0.5, for the following values of the static pressure at the inlet (9) 1.6 MPa; (10) 0.6 MPa. 

a mixture of gas and electrolyte, ~ = ~ = l(e0 = 0.5), at an inlet pressure of 1.6MPa (see Fig. 2, 
curve 9). We assume that the increase of Vg due to electrolysis is negligible along the gap. The 
interelectrode gap can be approximated by a rectangular channel, so that the ~/A value along 
the gap is constant. If  the pressure loss along the gap exceeds 1.0MPa, then for ~/A = 20ms  -1 
the static exit pressure is less than (1.6 MPa - 1.0 MPa) ~< 0.6 MPa, and from curve 9 of Fig. 2 we 
see that the choking condition is fulfilled (ec > aM). 

Working only with 10 m s -~ for ~/A and with the same pressure loss 1.0 MPa, the exit pressure 
of 0.6 MPa guarantees that choking cannot start (aM > ec). TO ensure a high static pressure at the 
exit of the gap, it is necessary to use a flow restrictor dam in the exit [4]. 

From Fig. 2 we can also see the limits for c~ values at the exit part of the gap for different ~/A 
values. For  ~/A = 20ms  ~ andp~ = 0.1 MPa the ~ value should be lower than 0.19, otherwise 
choking will occur. 

3.2. Comparison with published results [5] 

The choking limits given by Equation 78 in [5] are only a crude approximation of Equations 27 
and 30. The main reason is a drastic simplification of  the momentum balance as represented by 
Equation 44 in [5]. 

The choke limits for flat and spherical tools are given in [5] for different exit pressures, most of 
them for p~ = 0.206 MPa. For  other parameters given in Table 1 this exit pressure for flat radial 
tools could be reached only at a very small feed rate (J~ <~ 1 x 10 -5 ms- ] ) .  At higher feed rates 
of the tool the pressure at the exit of the gap should always be higher than 0.2 MPa, even for 
P0 = 0.01 MPa, because the radial tool acts as a radial diffuser [8-15] and the static pressure at the 
exit, for the given conditions, is higher than 0.2 MPa (see Fig. 3). This is the main reason why the 
results presented in graphical form in [5] are not valid for parameters given in Table 1 if the inlet 
is situated in the centre of the tool. 
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Table 1. List of input parameters used for all calculations 

Parameter Value 

ce 2.9076 x 103Jkg - ) K  -I 
D 0.03175m 
d 0.0635 m 
d m 7801.1 kgm -3 
df 993.16 kg m-3 
E 16V 
~of, o 0.03598 f~m 
Po 0.01 MPa or 0.2068 MPa 
R~ 8.314JK -l tool -L 
T o 298 K 
7R -0.00888 K I 
e, 2.889 x 10-TkgA -) s -~ (Fe) 
eg 1.032 x I0 8 kgA-I s-~ (H2) 
v r 6.9677 X I0 7ITI2S -[ 

a 1 
~,o 6.3 X 10-4rn3s -t  

fr e ( 5  X 10-6; 8 • 10 5)ms l 

cos | 1 

Figs  3-7  were ob ta ined  by numer ica l  solut ion o f  E q u a t i o n  26 (af ter  a rea r rangement ) ,  toge ther  

with Equa t ions  14b, 16, 17b and  20, and  using Equa t ion  10b, 1 l ,  12 and 15. 
The  d imens ion  o f  the inlet  gap  as a funct ion  o f  the feed rate  o f  the  ca thode  is p lo t t ed  in Fig. 4. 

The superficial  velocity o f  the e lectrolyte  ( ~ / A )  at  the inlet  and  exit o f  the gap  is a l inear  funct ion 
o f  the feed ra te  (see Fig.  5). The exit void  f rac t ion  o f  gas versus the feed ra te  m a y  be seen f rom Fig. 
6. The  decrease o f  e~ with increas ing feed is given by  the increase o f  the exit  pressure  (see Fig.  3). 
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I0~_ 
0 

I I - I '  I I 

2 

I I I ~ ) I 
2 3 4 5 6 7 

fr / (tOSm s -1) 

Fig. 3. Exit pressure versus feed rate of the 
flat tool for conditions given in Table I. 
Values of inlet pressure: (1) 0.01 MPa; (2) 
0.207 MPa. 
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Fig. 4. Inlet gap versus feed rate of the fiat tool for con- 
ditions given in Table 1. Input pressure, 0.01 MPa. 
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Fig. 5. Superficial velocity of the electrolyte versus feed rate 
of the cathode: (1) at the inlet of the gap; (2) at th exit of  the 
gap. Other conditions given in Table 1. 

Fig. 6. Exit void fraction of  gas versus feed rate of  the 
cathode for conditions given in Table 1. Values of inlet 
pressure: (1) 0.01 MPa; (2) 0.207MPa. 
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Fig. 7. Exit volumetric flow rate of the gas, recalculated for 
pressure 0.2 MPa, versus feed rate of the flat tool Other 
conditions given in Table 1. 

Due to the high pressure at the inlet (P0 > 104 Pa), no choking was observed at the feed rates 
f ~> 5 x 10 6 m s - J  (see Figs 3-6). This result is in good agreement with the values in Fig, 2. 

I f  the inlet of  the electrolyte is located on the outer radius of  the tool (D) and the flow is directed 
to the centre of  the tool, the situation is rather different. The inlet pressures are very close to the 
Pe values in Fig. 3, and the outlet values of  the pressure may reach 0.2 MPa. The approximate void 
fraction can then be calculated using the values of  Vg from Fig. 7. 

(i) For f~ = 8 x 10 -5 m s  -1. The inlet pressure is ~ 11MPa, the inlet superficial velocity of  
electrolyte is only ~ 2 6 m s  1, the exit pressure is 0 .2MPa,  the outlet superficial velocity is 
~ 1 5 0 m s  1 .F romFig .  7, ~,eequals 1 x 10 4 m 3 s - l a n d f r o m T a b l e  1, ~o = 6.3 x 10 4 m 3 s  i. 

The exit void fraction is a e = 0.137. For  ~/A = 150ms -1, a M is ~0 .02  (see Fig, 2). This means 
that for the flow in the gap the choking condition is fulfilled; ae > aM. 

(ii) For f = 2 x 10 -5 m s  -I The inlet pressure is ~ 1 MPa, the inlet superficial velocity 
~ 6 m s  r, the exit pressure is 0 .2MPa,  the outlet superficial velocity ~ 3 8 m s  -1, ~,o ~ 0.25 x 
10 4 m 3 s - 1 ,  a e = 0.038. However, for ~/A = 3 8 m s  -I  andpe = 0.206MPa, aM is ~0.12.  

This means that a~ > ae and in this case no choking is expected. From the calculated examples 
it follows that a t f  > ~ 3-4  x 10 .5 m s  -~ the choking condition is always met. 

4. Conclusion 
Equations 27 and 30 allow calculation of the limiting void fraction, a M, required for the generation 
of choking, as a function of the following operating parameters: static pressure, superficial elec- 
trolyte velocity, temperature, electrolyte density and density of  the gas. The use of  Equations 27 and 
30 is restricted to uni-directional flows in channels and flat or shallow axially symmetric cavities with 
radial inflow and outflow. The possibility of  using the inlet mixture of  gas and electrolyte can easily 
be discussed using Fig. 2. The use of  flat and spherical tools at inlet pressures higher than 0.01 MPa, 
values of  ~-/A over a broad range of 10 -150ms  -I and forf~ > 5 x 10 -6  m s  - l  , d ~ 0.006m and 
D ~ 0.03 m, proceeds without choking for a radial inflow located in the centre of  the tool. 

For  a flat radial tool with electrolyte inlet located on the outer diameter and the electrolyte 
flow directed to the centre of  the tool, the choking condition is fulfilled f o r f  > (3-4) x 10 5 m s l 
and Pe = 0.206MPa. Other parameters important  for ECM can be found in Table 1. For 
f < ~ 3 x 10 -s m s  1, choking is not possible for the system under consideration. 
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